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Large-scale instability of a fine-grained turbulent jet 

Kang Ping CHEN a*, D.G. CRIGHTON b 

ABSTRACT. - The initial growth of a large scale perturbation on a fine-grained turbulent jet is studied via linear stability analysis. The turbulent 
jet is assumed to be homogeneous and isotropic with zero mean shear, and the inviscid stream outside the jet has a uniform velocity profile. The 
incremental Reynolds stress caused by the large scale perturbation is modeled by a viscoelastic constitutive equation, following the analysis of 
Crow (1968). It is found that the jet is always unstable to both sinuous and varicose types of perturbation, with the sinuous mode having a large1 
growth rate. In particular, short waves are always amplified, in contrast to the short wave stabilization at low speed found by Townsend (1966) 
for a purely elastic jet. The growth rates of these short waves are finite, and are smaller than those for the classical Kelvin-Helmholtz instability 
of an inviscid jet, but larger than those for the Hooper-Boyd (I 983) instability of a viscous jet with continuous velocity profile. 0 Elsevier, Paris. 

1. Introduction 

It has long been well known that certain turbulent shear flow phenomena can be explained, at least qualitatively, 
if the Reynolds stress increment in response to a large scale deformation is related to the rate of deformation 
by a viscoelastic constitutive equation (Rivlin, 1957 ; Liepmann, 1961 ; Moffatt, 1965, 1967 ; Townsend, 1966; 
Crow, 1968 ; Lumley, 1970 ; Saffman, 1977 ; She et al., 1985 ; Frisch et al., 1986 ; Kassinos and Reynolds, 1994 ; 
Speziale and Xu, 1995). A careful examination by Crow (1968) shows that this viscoelastic analogy requires that 
the turbulence be fine-grained and the large scale field be very weak. A rigorous derivation of a viscoelastic law 
for the incremental Reynolds stress was carried out by Crow for fine-grained turbulence which is homogeneous, 
isotropic and stationary in the absence of a mean field. Such a fine-grained turbulence could be maintained 
against molecular dissipation by random body forces, for example. Although highly idealized, this example does 
demonstrate how a viscoelastic law emerges for the Reynolds stress increment. Lumley (1970) also showed that 
turbulence undergoing a homogeneous deformation behaves like a classical nonlinear non-Newtonian medium. 

In an effort to study the mechanism of entrainment in a turbulent jet flow, Townsend (1966) found it 
useful to regard the turbulent jet as an elastic medium. With the alternate assumptions of purely elastic and 
purely viscous jet flow, he was able, through a linear stability analysis, to provide a qualitative explanation 
of the growth-decay cycle, as well as of the shape of the indentations of the bounding surface that separates 
the turbulent and non-turbulent fluids. Townsend further provided experimental observations to support his 
hypothesis of an elastic jet. 

In this paper, we revisit the jet problem studied by Townsend, using instead a viscoelastic constitutive law 
for the incremental Reynolds stress. We assume that the turbulent jet moves with a constant mean velocity with 
zero mean shear except at thin vortex sheet boundaries, and that the turbulence is homogeneous and isotropic. 
The turbulence is maintained by the agency maintaining the jet flow itself, while the perturbations are caused 
by means such as external acoustic forcing. These are the assumptions used in Crow’s derivations, and allow us 
to use a viscoelastic model without ambiguity. The non-turbulent fluid outside the jet is assumed to be inviscid, 
and as a first step, the entrainment of such inviscid fluid into the turbulent jet is neglected. Inclusion of the 
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entrainment complicates the conditions at the turbulent-non-turbulent interface, but in principle the problem 
can then still be solved similarly (see Reynolds (1972) for a discussion of the corresponding wake problem). 
Neglecting the entrainment allows us to treat the interface between the turbulent and the non-turbulent fluids as a 
material surface. We then perform a linear stability analysis parallel to Townsend’s. The dispersion relation can 
be obtained analytically because of the absence of mean shear in the base state. The flow is found unstable to both 
sinuous and varicose types of perturbation. These instabilities are the viscoelastic generalizations of the classical 
Kelvin-Helmholtz (vortex sheet) instability. When viscosity or elasticity is included, the growth rate for short 
waves is always smaller than that of the Kelvin-Helmholtz instability for an inviscid jet, but larger than that of the 
Hooper-Boyd (1983) instability of a viscous jet with continuous velocity profiles. Nevertheless, the flow remains 
unstable to infinitely short waves, though with no more than finite growth rates. This short wave instability is 
due to the velocity discontinuity across the interface in the base state, as in the Kelvin-Helmholtz instability. 

The results presented in this paper can also be applied to a non-turbulent, but non-Newtonian fluid jet modeled 
by an Oldroyd-B constitutive law with a uniform velocity profile. Thus, the type of instability discussed here 
may have further implications in the break-up and drop formation of a viscoelastic jet, and for such problems 
the short-scale behavior predicted here may indeed be significant. 

Since this work was completed, the paper by Rallison and Hinch (1995) has appeared. In that paper the base 
jet flow is taken to have a parabolic profile, and the constitutive law is taken to be that of a purely elastic fluid, 
without relaxation. Thus, there is essentially no overlap with the study of the present paper. 

2. A constitutive equation for the incremental Reynolds stress of fine-grained turbulence 

The mean field equations (i.e., the equations for a large scale deformation) for an incompressible turbulent 
flow are (Crow 1968) 

(24 V.TJ=Q 

(2.2) 
DU 

’ Dt 
-=pf-VP+/deJ+V.7-. 

where the substantive derivative represents convection with the mean field only, 6 = $ + (U . V), p, p 
are the fluid density and molecular viscosity respectively, f is the body force per unit mass and ‘T is the 
Reynolds stress tensor defined by 

(2.3) 

where the bracket ( ) represents ensemble average, and T is the turbulent energy density p(u”)/2 (in the 
absence of a mean field, T is a constant in space and time). 

The transport equation for the Reynolds stress tensor r can be written (Crow 1968) as 

(2.4) 
07. 
- = zT(L + LT) + (Vp”u + uVp-‘) - (LT + 7.LT) 
Dt 3 

+ (triple-interaction) + (viscous) + (body-force), 

where L = VU is the gradient of the mean (i.e. large scale field) velocity, and p-’ is the part of the fluctuation 
pressure due to the interaction between the mean and the turbulent field; it satisfies the equation 

(2.5) v2p4 = -2pL(VU)? 

The last three terms in (2.4), which were only written symbolically, represent stress relaxation by nonlinear 
scrambling, by viscous diffusion, and by body-force agitation, respectively. 
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Consider a large scale perturbation to incompressible, fine-grained, homogeneous, isotropic turbulence resting 
in statistical equilibrium with zero mean velocity. The turbulence is maintained by random body forces and 
has a constant energy density T. The Reynolds stress defined by equation (2.3) is then the incremental or 
perturbation Reynolds stress caused by the large scale perturbation. Crow (1968) showed that during the initial 
stage of the deformation, 

(2.6) (VP”U + UK@) = -gp + LT). 

Thus, for incompressible, fine-grained, homogeneous and isotropic turbulence, the equation for the incremental 
Reynolds stress 7 becomes 

(2.7) 
D7- 

-57(L + L=) - (L-r + TLT) 
Dt= 15 

+ (triple-interaction) + (viscous) + (body-force), 

valid for the initial development of the large scale perturbation. Crow showed that the Reynolds stress increment 
determined from equation (2.7) possesses typical viscoelastic properties, and he further proposed an integral 
viscoelastic constitutive equation for the incremental Reynolds stress based on the above equation. A memory 
function is introduced in Crow’s integral equation and this memory function can be determined from the 
background turbulence when the mean perturbation is weak. Crow then discussed some simplified forms of 
his constitutive equation for the Reynolds stress increment for various limiting values of the product of a 
(perturbation) mean field frequency and a turbulent relaxation time. Here we propose an alternative viscoelastic 
constitutive equation for the incremental Reynolds stress which includes all the limiting cases of Crow, but is 
of rate form and as such is easier to manipulate. 

We first note that equation (2.7) for the incremental Reynolds stress can be written as 

(2.8) g + (LT + 7LT) = $‘(L + LT) 

+ (triple-interaction) + (viscous) + (body-force) : 

The main effect of the three symbolic terms on the right hand side of (2.8) is to introduce Reynolds stress 
relaxation, as discussed by Crow. From the similarity of the above equation to the well known single mode 
convected Maxwell constitutive equation for a viscoelastic fluid (see, e.g., Joseph 1990), we can model these 
symbolic terms by introducing an integral Reynolds stress relaxation time t)r (Crow, 1968), and re-writing 
equation (2.8) in a form similar to the convected Maxwell equation 

(2.9) E+Lr+7LT 
> 

+T = 2p,>D, 

where pr = A&7 is the turbulent eddy viscosity, and D is the rate of strain tensor for the (perturbation) 
mean field. 

(2.10) D = ;(L + LT). 

The closure equation (2.9) is valid for the initial growth of the large scale perturbation and it can be obtained 
from Crow’s integral equation by approximating the memory function by an exponentially decaying function 
with a single relaxation time. The constitutive equation (2.9) is very similar to a model equation used by 
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Lumley (I 970) (combining his equations (4. l), (4.2) and (4.3)) for turbulence under homogeneous deformations. 
The deformation considered here, however, could be arbitrary, as in Crow (1968). The turbulent relaxation time 
Hr is a property of the isotropic turbulence itself, and an expression for this relaxation time can be given in 
terms of the wavenumber-frequency spectrum of the background isotropic turbulence E (Crow, 1968): 

(2.11) 

where u is the kinematic viscosity of the fluid, and k and w are the wavenumber and frequency, respectively. 
The incremental Reynolds stress satisfying the constitutive equation (2.9) exhibits typical viscoelastic behavior. 

Both the normal Reynolds stress difference (Reynolds stress anisotropy) in simple shear flows and the Reynolds 
stress relaxation phenomena described by Crow are included in this model. For simple shear flows, a negative 
normal (Reynolds) stress difference is predicted from equation (2.9) (so that, say, (&) is necessarily positive). 
The negative normal Reynolds stress difference creates an equivalent compression along the streamlines of the 
mean field in simple shear flows. In this regard, we can think of the fine-grained, isotropic turbulence as a 
viscoelastic medium with a negative normal stress difference in simple shear flows. Since no second normal 
stress difference (cross-stream normal stress) is predicted from (2.9), this equation cannot be used to account 
for the secondary motions observed in some turbulent flows (e.g. in non-circular ducts) which is caused by 
the second normal (Reynolds) stress difference. 

Crow’s derivation, and thus the proposed equation (2.9) is rigorously valid for the initial development of the 
large scale perturbation when the background turbulence is homogeneous and isotropic. Equation (2.9) is used 
in this paper to study the implications of viscoelastic-like models to the initiation of the large scale motions 
on a fine-grained turbulent jet. 

3. Governing equations for the linear stability of a fine-grained turbulent jet 

Consider a large scale perturbation to the motion of an incompressible, fine-grained isotropic turbulent jet with 
a zero mean velocity, as shown in Figure 1. The turbulence is maintained by random body force agitation and 
the perturbations are caused by external forcing. The problem is formulated in a frame of reference moving with 

4 
the jet. The whole problem is two-dimensional, but relations such as /I,, = IHrT, derived for three-dimensional 
fine-grained turbulence, will be assumed to hold in the characterization o ? the turbulence. The non-turbulent 
fluid outside the jet is inviscid and moves in the negative x direction with a uniform velocity U,r. The shear layer 
between the turbulent jet and the surrounding inviscid stream is modeled as a discontinuity so that the large scale 
perturbations considered have length scales much larger than the shear layer thickness and the small scales of 
the fine-grained turbulence. Since the basic state has no shear, equation (2.9) is reduced to a linear viscoelasticity 
equation when linearized. Then the linearized perturbation equations for the mean perturbation fields are: 

(3.1) ‘;: . u = 0. 

(3.2) ,g =-CP+C.S, 

(3.3) S = 2pD + r, 

(3.4) 
i)r 

r + HI- = Y&D. 
i)t 

Equations (3.3) and (3.4) can be combined into a single equation for S: 

(3.5) 
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Fig. 1. - Flow configuration in the frame of reference moving with the jet. 

where q = p + ,uz is the effective viscosity of the turbulent jet, and 192 = (p/q)01 is a strain relaxation time (or 
retardation time). For turbulent flows, E = p/r) is usually small, and thus 82 = ~64 is small. 

We choose half of the jet width h as the length scale, Uo as the velocity scale, and h/U0 as the time scale. 
Stresses in the jet are scaled with $70/h, and the pressures in both the jet and the surroundings are scaled 
with put. The dimensionless groups arising from this non-dimensionlization are the Reynolds number, 

(3.6) Re - @oh 
rl ’ 

defined in terms of the effective viscosity (this is typically about 25 for a plane jet; see Tennekes and Lumley, 
1972), and the turbulent Weissenberg number, 

(3.7) 
&UO wi=-. 

h 
The dimensionless linearized equations for the disturbances are: 
in the jet, -1 5 Z 5 1: 

W) v.u=o, 

(3.10) 

dU 
-=-VP+&m; at 

, 
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and in the inviscid surroundings, regions 1 and 3: 

(3.11) v . u = 0, 

(3.12) 

The interface conditions are: 
at z = -1 (the lower interface is perturbed to -1 + <(x:, t)): 

(Sx)2 
-l-12 + R.e + p1 = 0; 

at z = 1 (the upper interface is perturbed to 1 + S( z, t)) : 

(3.17) 

(3.18) 

(3.19) (s,rz)a = O? 

(3.20) -p2 + y + p3 = 0, 

I  

It can be shown that Squire’s transformation exists for the model equations used here, although no theorem 
can be proven for the problem under consideration (Yiu and Chen 1994, unpublished note. For problems without 
free surfaces, see Azaiez and Homsy 1994). Thus it is sufficient to consider two-dimensional disturbances. The 
normal mode equations can be obtained by decomposing the disturbances into normal modes with a multiplier 
exp[ia(z - ct)], where ~11 is the stream-wise wavenumber and c is the complex wave speed (only temporal 
modes are considered in this study). In the jet, (3.10) gives 

(3.21) 

where 

S=2QD, 

(3.22) Q= 
1 - &!cW~ 
1 - iacWi 
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can be considered as a complex viscosity. After eliminating S we have 

(3.23) ia!tl~ + w; = 0, 

(3.24) -iacuz = -iap2 + $-2&L2 + u; + i&), 

(3.25) -iw?lQ = -p; + $[in(u; + iQW2) + aw;], 

where a prime stands for the derivative with respect to z. In the inviscid regions we have 

(3.26) icm; + w; = 0, 

(3.27) ia(1 + C)Uj = iop;, 

(3.28) io!(1+ c)w, = p:, 

for 2: = 1, 3. The interface conditions are readily written in normal mode form. 

4. The dispersion relation 

The eigenvalue problem presented in the above section can be further simplified to a fourth order ordinary 
differential equation for w2 with four boundary conditions: 

(4.1) 

with, at z = -1, 

(4.2) 

9 - a2 + iacRe 
& 

> 
(II” - a2)w2 = 0, 

wy + a2w2 = 0, 

(4.3) 

and at .z = 1, 

(4.4) 

cQ(wt - 3a”wk) + iac2Rewi - ia”Re(1 + c)~w~ = 0; 

w; + 2202 = 0, 

(4.5) 
d 

cQ(wi - 3a2wk) + iac”Rewi t 

where D = &. The general solution to equation (4.1) is 

(44 
where 

w2 = Al sinh QZ + A2 cash QZ + A3 sinh ,Bz + A4 cash pz, 

icr2Re(l + c)~w~ = 0, 

(4.7) p= ((i2 i$y2> 

and the dispersion relation is found to be 

(4.8) p1 tanh a tanh” @l-f@ tanh2 Q tanh @-t-p3 tanh Q! tanh ,6-&d tanh2 CL+& tad2 ,&p6 tad C+JJ; tanh P= 0, 
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where the coefficients pl to p; are functions of ,Lj and are listed in the Appendix. The dispersion function on 
the left of (4.8) is an odd function of the parameter [j so either branch for /3 will do, and for definiteness we 
keep the real part of ,0 non-negative, RYE > 0, in all the calculations. 

The dispersion relation (4.8) is very complicated. Two independent fundamental cases are the sinuous mode 
and the varicose mode, which represent anti-symmetric and symmetric disturbances respectively. These two 
modes are easier to analyze and indeed provide, in linear combination, the general solution. 

4.1. THE ANTI-SYMMETRIC (SINUOUS) MODE 

For the sinuous mode, the eigenfunction is even in Z, ~12 (-2) = ZU~ (2). Thus the eigenfunction has the form 

(4.9) ‘w2 = A2 cash a’z + AA cash /7x> 

with dispersion relation 

(4.10) Re”(l-iacWi)~(l+c)“-[2rw-~cR.e(l-~acW~)- 2’ E za’cW7;]’ tanh a+4ap(l-~1:acWi)” tanh @ = 0. 

4.2. THE SYMMETRIC (VARICOSE) MODE 

For the varicose mode, the eigenfunction is odd in 2,102 (-2) = --w;z (2). Thus the eigenfunction has the form 

(4.11) 

with dispersion relation 
(4.12) 
4a/3(l--~ic~cWi)’ tanll~+[(2za+cR.e-iac”ReW~+E2n2cWi)2+Re2(1+c)”(,-i,cWi)2 tanha] tanh[j=O. 

We can eliminate the Weissenberg number W1; by setting 

(4.13) 

where 

W% = ER.e, 

(4.14) &J!!! 
phz2 

is the elasticity number which depends on the fluid properties and the flow geometry, but not on the flow field. 
It depends also on the turbulent energy density T and the turbulence relaxation time 81. 

In the following, we will study the sinuous mode in some detail. It will be shown later, in section 8, that the 
growth rate of the varicose mode is no greater than that of the sinuous mode. 

5. Asymptotic analysis of the sinuous mode I: E = 0 

When one neglects the molecular viscosity, E = 0, (4.10) reduces to 

(5.1) Re” (1 - iacWi)‘( 1 + 6)’ - [a(~ - icRe( 1 - iacWi)]” tanh a + 4a/3 tanh ,6 = 0. 

An exact solution of (5.1) is 

% i 
(5.2) (:x------E -- 

ClWi cvERe ’ 

which represents stable modes. 
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5.1. THE LONG WAVES 

Large-scale instability of a turbulent jet 

In the long wave limit, 01 + 0, the asymptotic solution for c is given by 

(5.3) c = -1 f i&” + o! & iCP + O(&. 

This asymptotic solution is valid for both viscous and viscoelastic jets, provided the Reynolds number and 
the elasticity number are both of order one. It shows that the sinuous mode is always unstable to long wave 
disturbances, and it has a wave speed equal to - 1 + (u, and a growth rate a3/’ (1 + CX). Thus, the long sinuous 
instability wave is essentially stationary if viewed from a fixed (laboratory) reference frame. 

5.2. THE SHORT WAVES 

The “short waves” considered in this study are the waves with wavelengths much shorter compared to the jet 
width h, but much larger than the shear layer thickness and the small scales of the turbulence. The behavior of 
the sinuous mode in the short wave limit, cy + co, is more complicated, and it depends strongly on the elastic 
properties. When Q! -+ co, the dispersion relation (5.1) is reduced to 

(5.4) Re”(1 - iacW1;)“(1 + c)’ - [2cr! - icRe( 1 - ic~cWi)]~ + 4a/3 = 0, 

under the restriction that the real part of ,0 is non-negative, RE(P) > 0. 
For comparison purpose, we shall discuss the purely viscous case and the viscoelastic case separately. 

5.2.1. The purely viscous jet 

For a purely viscous jet, Wi = 0, we obtain 

(5.5) eg+o -L . ( ) Q2 
Therefore, to leading order the sinuous mode has a wave speed 

(5.6) CT = 0, 

and a bounded growth rate 

(5.7) CJ = amyc) = $. 

This is in contrast to the classical Kelvin-Helmholtz instability of an inviscid jet, which gives an unbounded 
growth rate, proportional to the wave number cr , for short waves. The growth rate (5.7) is larger than that of 
the Hooper-Boyd instability for a viscous jet with continuous velocity 
growth rate (Hooper and Boyd 1983). 

5.2.2. The viscoelastic jet 

For a viscoelastic jet E # 0. If we assume the following expansion for the eigenvalue c 

profile, which gives aninfinitely small 

c-4 
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then to leading order we have 

K.P. Chen, D.G. Crighton 

w-9 4 - 4c;x + cp + 2&2 + 2c;f,-g - 4(I - cix)1/2 = 0; 

where 

(5.10) x = ERe”. 

This leading order equation for the short waves is exactly the same as equation (A20) of Townsend (1966) for 
a jet of elastic jelly. The rigidity of the jet, n, corresponds to l/x . A double root of (5.9) is always ca = 0. 

In the limit of slow flows, x -+ 0, equation (5.9) has the following roots: 

a\ 

0, double 

f 
0.839287 

I/‘3 : (5.11) co = “fl” 
f1.41964 f iO.606291 

XV” 

However, it can be verified that corresponding to the complex conjugate roots given in equation (5.1 l), the 
condition RE(P) > 0 is always violated. Therefore these complex conjugate ro;t;3h;;;7to be excluded; they 

are not close to a root of equation (5.11). The two non-zero real roots, co = rt * $12 ’ are mathematically 

and physically acceptable neutral elastic modes. 
In the limit x + cc, on the other hand, we recover from (5.9) the classical result of Kelvin-Helmholtz 

instability for an inviscid jet: 

(5.12) 
lfl; co=-- 

2 

Comparing the two opposite limits of x -+ 0 and x -+ co, we expect that there exists a critical value xc. 
such that when x > xc, at least one of the neutral elastic modes becomes unstable. Numerical computation 
from equation (5.9) indicates that, as x is gradually increased from zero, the two neutral elastic mode phase 
speeds remain real valued until 

(5.13) x = xc = 3.2135, 

at which they coincide with each other, and give 

(5.14) co = -0.354137. 

For x > xc = 3.2135, a pair of complex conjugate roots emerges, and one of the elastic modes becomes 
unstable with growth rate proportional to the wave number a. But this growth rate is always smaller than that 
of an inviscid jet (Kelvin-Helmholtz instability). For 0 < x < xc, one of the neutral elastic modes always has a 
negative wave speed, while the other one has a positive wave speed for 0 < x < 2 and a negative wave speed 
when x is increased past 2. We shall refer to the value of the former as c;, and of the latter as co+. 

The next order correction cl can be calculated. Two possibilities need to be considered separately: 
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(A) cu = 0: elastic modification of the viscous mode. 
For the root near c = 0, we find 

(5.15) 

The first root is the damping mode, and the second root is the modification of the viscous mode (5.5) by 
viscoelasticity. 

It is clear that in the short wave limit elasticity increases the growth rate of the unstable viscous mode if 
0 < x = ERe” < 2. If x > 2, however, elasticity stabilizes the viscous mode in the short wave limit. There is 
an apparent singularity at x = 2 which gives an unbounded growth rate as this limit is approached from below. 
The actual growth rate is finite at x = 2 and the expansion (5.8) is not uniformly valid for x near 2. This 
singular behavior for a viscoelastic medium is similar to those found by Wilson (1990) for the Taylor-Saffman 
problem and Aitken and Wilson (1993) for the Rayleigh-Taylor problem for an upper convected Maxwell fluid 
(e = 0). We will show later on how this singularity can be removed by including a non-zero E. 

(B) cu # 0: elastic modes. 
In this case, we are seeking higher order corrections to the elastic modes emerging from fw as x is 

increased. If x > 3.2135, one of these elastic modes is unstable at O(l), i.e. cg appears as a pair of complex 
conjugates. In this case, the growth rate is ultimately proportional to the wavenumber cx and so unbounded. 

Consider x < 3.2135. Then cl is found to be given by 

(5.16) - - - - .Re (2 x 2c$x 2c&),/l- 2cux 1 
c; = -%-- 

x (4 - x - 3cux - 4&)&&Q 

Numerical computation of (5.16) shows that, for co = ci, we always have IM(c,) < 0, while for CO = co+ 
IM(cf) changes from negative to positive values when x passes through 2. Thus, the elastic “+” mode 
becomes unstable with a finite growth rate when x > 2. 

The short wave behavior of the sinuous mode for E = 0 can be summarized as follows: 
(A) Purely viscous mode: 

(5.17) 

(B) Viscous mode modified by elasticity: 

(5.18) 

(C) Elastic modes: 

(5.19) 

(5.20) 

1 iRe c=- 
a 2 - ERe” 

(stable) 

(unstable if x > 2). 
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We conclude from the above analyses that the short waves are always unstable, and the maximum growth 
rate for o + oc is 

(5.21) 

o<x<2, 

2 < x < 3.2135, 

x > 3.2135. 

Since it is found numerically that IA!,! < i, the maximum growth rate is always smaller than that of the 

Kelvin-Hehnholtz instability of an inviscid jet in the short wave limit. In fact, I&f(c$) approaches the inviscid 
limit i monotonically with increasing x. Since the growth rate in the short wave limit is at least of order 
one, the short wave instabilities are always stronger than the Hooper-Boyd instabilities for a viscous jet with 
continuous velocity profiles, which have arbitrarily small growth rates. Furthermore, the wave speeds here for 
short waves are always greater than the inviscid value of -i, and tend to this limit as x approaches infinity. 

6. Asymptotic analysis of the sinuous mode II E # 0 

As in the case E = 0, the dispersion relation (4.10) still has the exact solution c = - $ & which are 
the damped stable modes. The molecular viscosity, although small compared to the eddy viscosity, plays an 
important role in the short-wave stability of the jet. In equation (3.10), the small parameter E, which is the ratio of 
the molecular viscosity to the sum of the molecular and the eddy viscosities, appears as a factor multiplying the 

highest derivative term, g. Accordingly, a small amount of molecular viscosity has a dramatic influence on the 
short wave behavior for the elastic modes. The long wave behavior of the sinuous mode, however, remains the 
same as in the case E = 0, up to O(a 312 ). The presence of molecular viscosity has no effect on such long waves. 

For short waves, it is found that 

(6.la) 

(6.lb) 

1 i -- - 
Q ERe’ 

(exact solution) 

C= 
-(2 - ERe”) & 2 - ERe”)” + E8ERe2 

i 
o&4ERe 

Therefore instability persists for short waves even when E # 0 (the “+” solution in (6.1 b) is always unstable). 
The singular behavior of the elastically modified viscous mode (5.18) at x = ERe2 = 2 is, however, smoothed 
out when E # 0. Moreover, a non-zero value of E guarantees bounded growth rates as well as zero wave speeds 
for short waves. This reduction in the growth rate by an order of magnitude (in terms of powers of a) for non- 
zero E for the short wave limit is achieved by forcing a unique value of cu(= 0). In fact, E + 0 is a singular limit 
for the eigenvalue problem since E multiplies the highest derivative term in equation (3. lo), as mentioned earlier. 

7. Maximum growth rates for the sinuous mode 

A simple Newton iteration is used to find the eigenvalue c for an arbitrary wavenumber o from the dispersion 
relations (5.1) for E = 0, and (4.10) for E # 0. For a fixed set of parameters, we start the calculations for 
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Fig. 2. - Growth rates for the sinuous mode for a purely viscous jet. Re = 0.1, 0.5, 1.0, 2.0. 
The numerical values above each curve indicate the corresponding Reynolds numbers. 

long waves, for which good initial guesses can be provided from the long wave asymptotics, and then progress 
toward shorter waves. This simple strategy works well, and the calculations have been checked against results 
obtained from nonlinear equation solvers as well as results from MATHEMATICA. All the numerical results 
are in exact agreement with both the small wavenumber and the large wavenumber asymptotics. 

Growth rates for a purely viscous jet are presented in Figure 2 for Re = 0.1, 0.5, 1.0, 2.0. The growth rate 
reaches a maximum at an order one wavenumber for small Reynolds numbers, as for Re = 0.1, 0.5. As the 
Reynolds number is increased to one, this growth rate maximum disappears. In fact, for any Reynolds number 
greater than one, the growth rate increases monotonically with the wavenumber o, and the maximum growth 
rate occurs in the short wave limit Q -+ 03, where it is given by the asymptotic formula 

(7.1) cT=dM(c)= $. 
The wave speeds, which are plotted in Figure 3, increase with the wavenumber, and all approach zero from 
below as (Y -+ 00. The wave speed decreases with Reynolds number. 

To incorporate elastic effects, we shall first consider the case E = 0. If x = ERe2 < 2, then the unstable 
mode is the one that modifies the viscous mode, and gives a limiting growth rate for short waves. An example 
of this is presented in Figure 4, where the growth rates for Re = 0.5, E = 0, 1.0, 3.0, 5.0, 8.0 are compared. 
As can be seen from this figure, elasticity increases the growth rate, as one might have expected from the 
short wave asymptotic analysis. As the elasticity parameter E is increased, the maximum in the growth rate is 
increased, and develops into a local maximum when the short wave limiting value exceeds this maximum (e.g. 
E = 3.0, 5.0). For x < 2(E < 8.0), the growth rate levels off to a constant & when Q: + 00, as determined 
by the short wave asymptotics. When x = 2, which corresponds to the curve for E = 8.0, the growth rate 
approaches infinity, as indicated by the short wave singularity for this value of x. Elasticity reduces the wave 
speeds, as shown in Figure 5. As in the purely viscous case, all the wave speeds approach zero from below 
when (Y --+ co, including the curve for E = 8.0(x = 2). 

Results covering 0 < x 5 3.2135, for Re = 1, and E = 0, 0.5, 1.0, 1.5, 2.0, 2.4, 3.0, 3.1, 3.2, 3.2135, are 
given in Figures 6 and 7. The purely viscous case E = 0 is included for comparison purposes. The growth 
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Fig. 3. - Wave speeds for the sinuous mode for a purely viscous jet. Re = 0.1, 0.5, 1.0, 2.0. 
The numbers above each curve are the corresponding Reynolds numbers. 
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Fig. 4. - Growth rates for the sinuous mode for Rr = 0.5, E = 0, E = 0, 1.0, 2.0, 3.0, 5.0, 8.0 (0 5 x 5 2) 

The numerical values above each curve are the corresponding elasticity numbers E. 

rate, as shown in Figure 6, increases with the elasticity parameter E for 0 5 E < 2.0, which corresponds to 
the viscous mode, modified by elasticity. When E = 2, then x = 2, and the growth rate becomes unbounded as 
a --+ 00. As the elasticity is increased from E = 2 to 2.4, and then to 3.0, however, the growth rate is reduced. 
When the elasticity is increased further to E = 3.1 and beyond, the growth rate starts to increase again. For 
2 < x 5 3.2135, the unstable mode is an elastic mode, and the growth rate levels off to a constant as CY + cc. 
All these unstable elastic modes have finite wave speeds when a + cc, as compared to zero for the viscous 
mode (see Figure 7). Elasticity reduces the wave speed. The values E = 2.0, 3.2135 correspond to x = 2, 
3.2135, and the wave speeds approach 0 and -0.354137, respectively (see equations (5.13) and (5.14), and 
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Fig. 5. -Wave speeds for the sinuous mode for Re = 0.5, E = 0, E = 0, 3.0, 5.0, 8.0 (0 5 x 5 2) 
The corresponding elasticity numbers are marked above each curve. 
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Fig. 6. - Growth rates for the sinuous mode for Re = 1.0. E = 0, E = 0, 0,5, l,O, 1.5, 2.0, 2,4+ 3,0, 3,1, 3,2, 3.2135. (0 5 x 5 3.2135). 

Elasticity number is indicated above each curve. 

the statements thereafter). (The reader is reminded that the analysis here is in a reference frame in which the 
jet has no mean velocity, and statements about the increase or decrease of wave speeds refer to the algebraic 
(signed) wave velocities in that frame. In the laboratory frame (surroundings of the jet at rest) the situation 
is different. Wave speeds approach the jet velocity (from below) as a -+ 00, but elasticity still reduces the 
wave speeds at a given a.) 

Computations for x > 3.2135 have been carried out for Re = 15, 25, 100, 200. These results are similar, 
and all indicate that elasticity increases the growth rate, and reduces the wave speed. The results for Re = 25, 
which is typical for a plane jet, are presented in Figures 8 and 9. 
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Fig. 7. -Wave speeds for the sinuous mode for Re = 1.0, E = 0, E = 0, 1.5, 2.0, 3.0, 3.2135. (0 5 x 2 3.2135). 
The modified viscous mode (E = 1.5) and the elastic mode (E = 3.0) have distinct wave speed limits for very short waves. 
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Fig. 8. - Growth rates for the sinuous mode for Re = 25, E = 0, E = 0, 0.001, 0.0032, 0.0051, 0.01. 
The elasticity number E is marked above each curve. 

Computations have also been carried out for E # 0. A non-zero E has the effect of reducing the growth rate 
and increasing the wave speed. For any non-zero E, both the growth rate and the wave speed fall between the 
purely viscous case (E = 0) and the highly elastic case (.e = 0), and the jet behaves more and more like 
a purely viscous jet as the value of E is increased. This is analogous to the situation in non-Newtonian fluid 
mechanics when the fluid is modeled by an Oldroyd-B equation, whose linearization gives our equation (3.5). 
In particular, the growth rate for short waves is forced to be bounded for all wavenumbers when E # 0. An 
example is given for Re = 25 in Figures 10 and 11. 
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Fig. 9. - Wave speeds for the sinuous mode for Re = 25, r = II, E = 0.001, 0.0032, 0.0051, 0.01. The elasticity number E 
is indicated above each curve. Different limits are approached by the viscous mode and the elastic mode for short waves. 
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Fig. IO. - Growth rates for Re = 25. The values for (e, E) are indicated above each curve. 
Increasing c reduces the growth rate and makes the jet ever closer to a purely viscous jet with (E? E) = (0. 0) 

8. The varicose mode 

The dispersion relation for the varicose mode is given by equation (4.1 I), and we shall only discuss the case 
with E # 0. In the long wave limit cx + 0, the eigenvalue c takes the following asymptotic form: 
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Fig. I I. Wave speeds for 11~ = 23. The values for (E. E) are indicated above each curve. 
Increasing E increases the wave speed and makes the jet ever closer to a purely viscous jet (t. I:‘) = (0. 0) 
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Fig. I?. - Growth rates for a purely viscous jet at I{(, = 1.0. “s” stands for the sinuous mode and “11” stands for the varicose mode 

For long waves, the growth rate for the varicose mode is 0.~1~ 1 - o’!‘$ + CL) 
( 

2 - R.e’ 
f’ RX!- ) 

+O(a“), as 

compared to cy’ 3/2 + O(CY’) for the sinuous mode. Thus, the varicose mode always has a smaller growth rate 
than the sinuous mode in the long wave limit, and the difference between the growth rates of these two modes 
is larger for small Reynolds numbers. Furthermore, to leading order for very long waves, the varicose mode 
is stationary (zero wave speed), while the sinuous wave is convected with the external velocity (wave speed 
equals -I), in both cases as for a purely inviscid inelastic jet flow. In the laboratory frame, the varicose mode 
propagates downstream at the jet velocity, while the sinuous mode remains almost at rest. 
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In the short wave limit, o + oc, and E # 0, the varicose mode has the same asymptotic form as the sinuous 
mode, given by equation (6.1 b). To compare the varicose and the sinuous modes for arbitrary wavenumbers. 
we have computed the growth rates and the wave speeds for both modes for the set of parameters Rc = 1, 
15. E = 0. J? = 0, which correspond to a purely viscous jet. These results are presented in Figures 12-15. 
For any wavenumber. the growth rate for the varicose mode is always smaller than that for the sinuous mode, 
and the difference in the growth rates for these two modes increases as the Reynolds number is decreased 
(Figures 12 and 14). These two modes have very distinct wave speeds, particularly for longer waves. The 
sinuous mode is essentially stationary and the varicose mode propagates with the jet (Figures 13 and 15). In 
the short wave limits, these two modes are indistinguishable, as the two bounding surfaces separating turbulent 
and non-turbulent fluids become independent of each other. Elasticity of the jet is found to have effects on the 
instability characteristics for the varicose mode similar to those for the sinuous mode discussed earlier. The 
sinuous mode always has a larger growth rate than the varicose mode, whether the jet is elastic or not. Even fat 
the case of an elastic jet. the dominance of the sinuous mode instability cannot be attributed to the “buckling” 
mechanism because the basic state considered here is not sheared. 

0 

-0.2 

-0.6 

9. Summary and conclusion 

This study is aimed at understanding of the generation and propagation of large scale organized waves in a 
turbulent jet from the point of view of viscoelastic modeling of the perturbation Reynolds stress. The foundation 
for the viscoelastic modeling of the incremental Reynolds stress caused by the imposition of a large scale 
perturbation for the simplified problem considered here was laid by Crow (1968) more than two decades ago 
for fine-grained isotropic turbulence. The problem studied here is the viscoelastic generalization of the turbulent 
jet stability problem analyzed by Townsend (1966) using alternate purely viscous and purely elastic response 
assumptions. Townsend found that for very short waves, while the purely viscous jet suffers an instability, 
the purely elastic jet is stable at low jet speed. Only when the jet speed exceeds a critical value, which is 
proportional to the square-root of the rigidity, does the purely elastic jet becomes unstable to short waves. The 
present study shows, however, that for a viscoelastic jet (or when the perturbation Reynolds stress is modeled 
viscoelastically), which includes both the purely viscous and the purely elastic cases as extreme limits, the short 
wLves are always unstable, though with at most finite growth rates which are always smaller than those for the 
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Fig. 14. - Growth rates for a purely viscous jet at Rc = 1.5. 

marked with circles is for the varicose mode and the solid line for the sinuous 
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Fig. 15. - Wave speeds for a purely viscous jet at RP = 15. “s” stands for the sinuous mode and “v” stands for the varicose mode. 

classical Kelvin-Helmholtz instability of an inviscid jet, but larger than those for the Hooper-Boyd instability of 
a viscous jet with continuous velocity profile. These instabilities can never be stabilized, at least in the linear 
regime. Moreover, the anti-symmetric sinuous mode grows faster than the symmetric varicose mode, even when 
the base flow has a uniform velocity profile. Naturally the predictions provided by this study cover only the 
frequency range for which the wavelength exceeds the (small) scale of the fine-grained turbulence. And of 
course that is the same condition as the one that allows the shear layer to be treated as a discontinuity. 

The results obtained from our analysis also applies to a viscoelastic jet modeled by the Oldroyd-B constitutive 
equation. Elasticity is found to enhance instability and reduce wave speed. This may have implications to many 
industrial applications involving viscoelastic fluids. 
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10. Further development 

The instabilities found in this study are essentially of Kelvin-Helmholtz type due to the vortex sheet model 
used for the base velocity profile. In reality, the turbulence is produced by the shearing of the base state, and 
there are never velocity discontinuities at the surfaces bounding the turbulent and non-turbulent fluids. The 
viscoelastic constitutive equation for the incremental Reynolds stress induced by a large scale perturbation to 
the base state needs now to be generalized to turbulent shear flows maintained by a non-zero mean shear. 
Such a generalization has been suggested by both Crow (1968) and Lumley (1970). In particular, Lumley 
made this statement to conclude his paper: “In particular, it may be useful to predict the small changes in 
Reynolds stress caused by the imposition of secondary motions (big eddies) on the basic mean motion. As 
such, it has the desirable property of displaying viscoelastic behavior as Townsend (1966) has concluded is 
necessary.” The present paper is just the first step for such an analysis. The results obtained here show that 
the presence of the Reynolds stress relaxation time 01 can introduce new instability modes which are purely 
elastic in nature and are completely absent in models without stress-relaxation. For a sheared turbulent jet, 
there exists another elastic instability mechanism, which is due to the action of the Reynolds-stress anisotropy 
of the basic state on the perturbation field. The anisotropy of the Reynolds stress of the basic state creates an 
equivalent compression along the mean streamlines of the basic state. The mean streamlines which are under 
compression can then become unstable under large-scale perturbations. It is apparent that such an analysis for 
more realistic jets, to which the authors will next turn their attention, should add to the understanding of the 
organized wave motions in a turbulent jet. 

APPENDIX 

Coefficients pj( 1 > i 2 7) of the dispersion relation (4.8) 

pl = 2c/3Re(P” - cy2)(1 + c)“(3ia”Q - 1:p2Q + trcRe), 
p2 = cRe(a’ - [j4)(l + c)“(2iaQ + cRe), 
p3 = -Re2[2c4(02 + B”)” + o’ - @“)“(l + 2c)(2c2 + 2c + 1) 

-Q4iacSRe(ai + 8a”,0” + p’) + Q’4c”(c# + lla’p2 - 50?y4 + pG)]$ 
p4 = 2PC”(02 + P”)(2iaQ + cRe)(3aa2Q - ip”Q + ocRe). 
prj = 2/‘?c’(a’ + p2)(2iaQ + cRe)(3ia2Q - i/3”Q + acRe). 
pi = 2c@Re(P” - ~‘)(l + ~)‘(~GJJ”& - i[j”Q + 0cR.e): 
p7 = cRe(n4 - /Y4)(l + c)“(al;oQ + cRe). 
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